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Instanton calculus and SUSY gauge theories on asymptotically locally Euclidean manifolds
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We study instanton effects along the Coulomb branch of anN52 supersymmetric Yang-Mills theory with
gauge group SU~2! on asymptotically locally Euclidean spaces. We focus our attention on an Eguchi-Hanson
gravitational background and on gauge field configurations of the lowest Chern class.
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I. INTRODUCTION

Globally supersymmetric Yang-Mills~SYM! theories on
four manifolds@1# provide a natural framework in which t
study nonperturbative effects. The existence of nonrenorm
ization theorems@2,3# allows one to exactly compute phys
cal quantities such as superpotentials inN51 theories@4#.
Moreover, inN52 SYM theories, holomorphy requiremen
on the prepotential@5# are the crucial ingredients needed
determine the quantum moduli space and the Wilsonian
fective action@6#.

Instantons@7,8# are among the most interesting nonpert
bative field configurations. In particular, they proved to be
fundamental tool for checking, from first principles an
quantitatively, the exactness of the solutions proposed
Seiberg and Witten inN52 SYM theory and supersymme
ric QCD @9#. Furthermore, in some theories with matter
chiral representations, they are known to trigger dynam
supersymmetry~SUSY! breaking@10#.

It is possible to perform instanton calculations in differe
phases of supersymmetric field theories. If the scalar field
the theory have a zero vacuum expectation value, instan
are exact saddle points of the action functional around wh
to perform semiclassical approximations. If the scalar fie
have a nonzero vacuum expectation values, instantons
just approximate solutions of the equations of motion. On
other hand, when the vacuum expectation values are m
larger than the renormalization group invariant scale of
theory, it is possible to perform reliable instanton calcu
tions in a weak-coupling regime~‘‘constrained instanton’’
method@8,11#!.

In the following we will focus our attention onN52
SYM theories with gauge group SU~2!. In this case, when
the complex scalar field has a nonzero vacuum expecta
value, the gauge group is spontaneously broken down
U~1!. One can then study the dynamics of the low-ene
theory which is obtained after integrating out the hig
frequency modes. The first motivation of our computatio
approach consists in studying the nonperturbative dynam
of N52 effective theories on curved backgrounds via inst
ton calculus. To this end, the correct choice is to give n
zero vacuum expectation values to the scalar fields. O
could thus infer the instanton corrections to theN52 holo-
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l-

f-

-
a

y

al

t
of
ns
h
s
re

e
ch
e
-

on
to
y
-
l
cs
-
-
e

morphic prepotential, which encodes the low-energy dyna
ics.

Among all possible four manifolds a special class is re
resented by manifolds which have a self-dual Riemann t
sor and which are known as asymptotically locally Euclide
gravitational instantons, since they are solutions of Einste
equations with vanishing gravitational action. These ma
folds have played a key role in the study of Euclidean qu
tum gravity ~for a review, see@12#!. Indeed, similarly to
gauge instantons, they induce calculable nonperturbative
fects which may cause a dynamical breaking
supersymmetry.1 Among asymptotically locally Euclidean
~ALE! gravitational instantons, the simplest and the m
investigated one is the Eguchi-Hanson solution@13#. The for-
mation of fermionic condensates in this background has b
studied both in a pure supergravity@14,15# and in an effec-
tive string theory context@16#. In particular, in@14# the grav-
itino field-strength condensate was explicitly computed a
found to be finite and position independent, possibly resp
sible for local supersymmetry breaking. Moreover, from
stringy point of view, ALE manifolds represent absolu
minima of the gravitational part of the action which is o
tained as a low-energy limit of the heterotic~and type-I!
string. Our second motivation is that in this context o
could perform interesting string-inspired calculations, a
explore a possible supersymmetry breaking~the underlying
string theory acting as a regulator for the nonrenormaliza
supergravity theory!.2 Gauge instantons ofc251/2 and 1 are
solutions of the string equations of motion to lowest order
the s-model coupling constanta8. The casec253/2, in-
stead, corresponds to the identification of the gauge con
tion with the spin connection@16# ~‘‘standard embedding’’!

1Generally, on curved manifolds SUSY is not globally realize
However, as pointed out in@1#, in N52 SYM theories there exists
a conserved scalar supercharge which can be interpreted a
Becchi-Rouet-Stora-Tyutin generator of the topological symme
of the twisted version of the theory. In particular, this ensures t
certain correlators of local operators are position independent.

2A study of nonperturbative effects in global SYM theories in t
Eguchi-Hanson background has been performed in the absen
vacuum expectation values for the scalar fields in@17#.
© 1998 The American Physical Society08-1
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DIEGO BELLISAI AND GABRIELE TRAVAGLINI PHYSICAL REVIEW D 58 025008
and the solution is conjectured not to get perturbative cor
tions in a8. As a first step towards the casec253/2 ~which
presents formidable computational difficulties! we start our
investigation by studying correlation functions in the top
logical sectorc251/2, which could provide us with a usefu
roadmap for further progress along that direction.

The plan of the paper is as follows. In Sec. II we brie
reviewN52 SYM theories on the Eguchi-Hanson manifol
mainly to fix our conventions. In Sec. III we examine th
~gauge! instanton configuration of Chern classc251/2,
around which we will expand the generating functional
Green’s functions. On curved backgrounds, one must
particular attention to the treatment of the collective coor
nates which describe the instanton orientation in color sp
We carefully discuss this issue and show how to corre
perform the integration over the related moduli in order
restore all the unbroken symmetries of the model. In t
section we also collect the bosonic and fermionic zero-m
norms, and compute the classical Higgs and Yukawa acti
Section IV is devoted to the~semiclassical! evaluation of
some instanton-dominated correlators of the microsco
theory. In the final section we draw some conclusions a
discuss some further issue under investigation.

II. DESCRIPTION OF THE MODEL

We intend to study instanton-dominated correlators
N52 globally supersymmetric theories in the Eguc
Hanson background.

The Eguchi-Hanson metric is given by

ds25gmndxmdxn5S r

uD 2

dr21r 2~sx
21sy

2!1u2sz
2,

~2.1!

wheresx ,sy ,sz are the left-invariant forms on SU~2! and

u5rA12(a/r )4. The metric~2.1! has a bolt singularity a
r 5a which can be removed by changing to the radial va
ableu and by identifying antipodal points. Thus the boun
ary is S3/Z2 ; moreover, the manifold is not invariant und
the action of the Poincare´ group, but admits an isometr
group which is SU(2)R^ U(1)L . In particular, and this will
be crucial in the following, the manifold is not translational
invariant since antipodal points are identified.

In order to study nonperturbative contributions to Gree
functions we need to know the form of the gauge instanto3

On flat space, this can be achieved through the Atiy
Drinfeld-Hitchin-Manin construction@19,20#, which natu-
rally provides us with an algorithm which determines t
most general self-dual instanton connection. Its extensio
the case of ALE spaces was found by Kronheimer and
kajima @21#. It was then translated in a more physical la
guage in@22,23#, where the explicit expressions of the se
dual connection on the minimal instanton bundleE @with
second Chern classc2(E)51/2# and of the bosonic and fer

3Or, at least, a parametrization which describes the full mod
space of the instanton solution~see@18#!.
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mionic zero modes were derived and implicit formulas f
the casesc251 and 3/2 were given.

The N52 super Yang-Mills action is SSYM

5*d4xAgLSYM , where

LSYM5
2

g2 TrF1

4
FmnFmn1 i l̄AD” lA1~Dmf!†~Dmf!

1
1

2
@f,f†#21S 1

&

@f†,lA#lB«AB1H.c.D G ,

~2.2!

A,B51,2 are supersymmetry indices, and«1252«2151.4

The condition for the vacuum state of the theory to
N52 supersymmetric is that the potentialV(f,f†) van-
ishes, that is

@f,f†#50. ~2.3!

This means that the solution of Eq.~2.3! is a normal opera-
tor, which can therefore be diagonalized by an SU~2! color
rotation V. Then, the classical5 ~supersymmetric! vacuum
configuration for the Higgs field can be written as

^fa&5Va
b~vdb3!, ~2.4!

wherevPC anda,b51,2,3. One can then expand Eq.~2.4!
in the basis

f0
a~b!5vdab. ~2.5!

WhenvÞ0 the gauge symmetry is spontaneously broken
U~1!, and we are left with anN52 SUSY Abelian low-
energy theory.

III. THE INSTANTON CONFIGURATION AND THE
CHOICE OF COLLECTIVE COORDINATES

The gauge instanton solution forc2(E)51/2 is given by
acting with a global color rotationR on the basic instanton
configuration@22#

A5Amdxm5 i S f ~r !sz g~r !s2

g~r !s1 2 f ~r !sz

D , ~3.1!

wheres65sx6 isy , and

f ~r !5
t2r 21a4

r 2~r 21t2!
, g~r !5

At42a4

r 21t2 . ~3.2!

The matrixR contains the collective coordinates related
global color rotations. Whena50 this configuration be-

li

4We choose the generators in the fundamental representation
Ta5ta/2, ta being the Pauli matrices.

5Actually neither perturbative nor nonperturbative quantum c
rections can lift the vacuum degeneracy@24,25#.
8-2
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INSTANTON CALCULUS AND SUSY GAUGE THEORIES . . . PHYSICAL REVIEW D 58 025008
comes the ’t Hooft instanton in the so-called ‘‘singul
gauge,’’ centered around the origin.

To compute instanton-dominated Green’s functions o
has to know the explicit form of the bosonic and fermion
zero modes. In theN52 Eguchi-Hanson background the
exist four gaugino zero modes which are related to the
that the instanton solution explicitly breaks the supercon
mal symmetry. They can be written as

la~0!
aA 5saȧ

m
~Dmu!a«̄Aȧ, ~3.3!

where «̄Aȧ are the two covariantly constant spinors on t
Eguchi-Hanson background andua ~with a51, 2, 3! are the
bounded solutions of the scalar Laplace equations

@D2~A!#a
bub50. ~3.4!

These equations can be recast~with a radial ansatz! in the
form

F 1

r 3

]

]r
~ru2!

]

]r
24S g2

r 2 1
f 2

u2D Gu1,250,

F 1

r 3

]

]r
~ru2!

]

]r
2

8g2

r 2 Gu350. ~3.5!

The solutions to Eq. ~3.5! with boundary conditions
limr→`ua(r )51 are given by

u15u25
Ar 42a4

r 21t2 , u35
t2r 21a4

t2~r 21t2!
. ~3.6!

The most general form of the gaugino zero modes can
rewritten in terms of two constant spinorsha

A as the global
color rotationR acting on the configuration~3.3!, that is

@la~0!
aA #R5Ra

b~ f bsa
bbhb

A!, ~3.7!

where

f 15 f 25
2~ t2r 21a4!

r ~r 21t2!2 ,

f 35
2A~ t42a4!~r 42a4!

r ~r 21t2!2 . ~3.8!

The norm of the gaugino zero modes is

ili25E d4xAg~la
a !* ~ s̄0!ȧblb

a5&pt. ~3.9!

The four zero modes of the gauge field are related to
global symmetries broken by the instanton background,
dilatations and SU~2! rotations. The zero mode related
dilatations is

d0A5
]A

]t
5

i t

At42a4 S f 3~r !usz f 1~r !rs2

f 1~r !rs1 2 f 3~r !usz

D ,

~3.10!
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and satisfies the usual background gauge condi
Dmd0Am50. The three zero modes related to global SU~2!
color rotations are not transverse, but they can be made
by adding a local gauge transformation@22#. The resulting
transverse zero modes are then

daAm
b 5~Dmua!b. ~3.11!

The four bosonic zero modes are now orthogonal and t
norms are

id0Ai25
8p2t4

t42a4 ,

id1Ai25id2Ai258p2t2, ~3.12!

id3Ai25
8p2~ t42a4!

t2 .

Here a subtle point arises: collective coordinates are ass
ated to unbroken symmetries of the theory. Namely, the
lated transformations leave the chosen vacuum configura

^Am&50, ^fa&5Va
b~vdb3! ~3.13!

unchanged. When the gauge symmetry is spontaneously
ken, we may expect that the corresponding collective co
dinates should not be taken into account. This question
been carefully studied in@26#. It was pointed out there tha
we can act on the family of vacuum configurations~2.5! in
two different ways. Rotations acting from the left obvious
correspond to SU~2! global color transformations. Rotation
acting from the right are however also possible~they are
called ‘‘flavor’’ rotations in@26#!. The crucial observation is
that the basis~2.5! is left invariant when the two rotations ar
realized by the same matrixR. In other words,

Ra
df0

d~c!~RT!c
b5f0

a~b! . ~3.14!

This SU~2! flavor symmetry exists only in the space of cla
sical solutions for the Higgs field, but not at the Lagrangi
level. In particular it acts trivially on the gauge sector and
does not affect the structure of the gauge zero modes. In
space the previous observations have no effect; in our c
however, we are led to consider the solution of the sca
Laplace equation~3.4! with boundary conditions dictated b
Eq. ~2.4!. A basis of three independent solutions is given

fa~b!~x!5f0
a~b!ua~x!5v@u1dab1~u32u1!da3db3#.

~3.15!

The point is that, in order to ensure a correct vacuum ali
ment, one is forced to act onfa(b) with the rotations men-
tioned above, that is

fa~b!→Ra
dfd~c!~RT!c

b[fR
a~b! . ~3.16!

If we choose the boundary condition

^fa&5vda3 ~3.17!
8-3
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DIEGO BELLISAI AND GABRIELE TRAVAGLINI PHYSICAL REVIEW D 58 025008
for the Higgs field, the correct solution for finitex is6

fcl
a ~x!5fR

a~3!~x!. ~3.18!

The nontriviality of Eq.~3.18! resides in the different expres
sions of theua which are a consequence of the isome
group of the Eguchi-Hanson manifold. On the other hand
flat space one hasuflat

a 5x2/(x21r2), a51,2,3 ~in the singu-
lar gauge! and the corresponding expression~3.18! for fcl

a

does not contain the matrixR anymore. Expression~3.18!
could also be obtained in a more direct way.7 The scalar field
configurationfcl

a (x) can actually be found by simply requir
ing that it satisfies the scalar Laplace equation in the ba
ground of the most general~i.e. gauge-rotated! instanton
configuration,RA, that is

@D2~RA!#a
bfcl

b 50, ~3.19!

with the boundary condition~3.17!. Since Eq. ~3.19! is
equivalent to

@D2~A!#a
b~RTfcl!

b50, ~3.20!

we can immediately convince ourselves that Eq.~3.18! sat-
isfies Eqs.~3.19! and~3.17!. The matrixR can be written in
terms of three Euler anglesu,w,c. As explained before, thes
angles are in fact the global color collective coordinates
lated to SU(2)/Z2 . This is the way these instanton modu
come into play in this context.

With these elements we can now calculate the contri
tion of the Higgs field configuration to the classical actio
which reads

Scl5
1

g2 E d4xAg@~Dmfcl
† !a~Dmfcl!

a#

5
2p2t2uvu2

g2 S 12
a4

t4 cos2u D . ~3.21!

Note in Eq.~3.21! the explicit dependence on the gauge o
entations.

Let us now calculate the Yukawa actionSY written with
the complete expansion of the fermionic fields replaced
their projection over the zero-mode subspace. According
the index theorem for the Dirac operator in the backgrou
of a self-dual gauge field configuration, we have only ze
modes of one chirality, soSY reduces to

SY@f,f†,l~0!,l̄50#5
&

g2 E d4xAg«abc~fcl
† !a~l~0!

b c~0!
c !,

~3.22!

where, for the sake of clarity, we adopted different symb
for the two gauginos,l5l1 andc5l2 . Inserting Eqs.~3.7!
and ~3.18! in Eq. ~3.22!, we get

6Different choices of the matrixV in Eq. ~3.13! give physically
equivalent theories; so we setV51.

7We thank Gian Carlo Rossi for discussions on this point.
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SY52
2i&

g2 E d4xAg@u1f 1f 3~db1w1* 1db2w2* !

1u3~ f 1!2db3w3* #~h [l]s
bh [c] !, ~3.23!

whereh [l]5h1 andh [c]5h2 and we have defined

w15v sin u sin c,

w25v sin u cosc, ~3.24!

w35v cosu.

After a straightforward integration we finally obtain

SY5h [l]s
bMb* h [c][

2 i&p2

g2 ~h [l]s
bh [c] !

3F ~db1w1* 1db2w2* !At42a41db3w3*
a41t4

t2 G .
~3.25!

IV. COMPUTATION OF INSTANTON-DOMINATED
GREEN’S FUNCTIONS

Let us now compute the simplest nonzero correlator in
Eguchi-Hanson background. Since the base manifold is
translationally invariant, there are no supersymme
gaugino zero modes, unlike the case of flat space. Moreo
as there is a nonzero vacuum expectation value for the sc
field, the superconformal gaugino zero modes are lifted. T
integration over the fermionic collective coordinates is th
entirely saturated by the Yukawa action, and the simp
nonzero correlator iŝ1&, i.e. the partition function itself. The
integration over the bosonic zero modes is then replaced
an integration over the moduli of the instanton. The cor
sponding Jacobian is@17#

J5)
I 50

3 id IAi

A2p
5

64p4t3

~A2p!4
, ~4.1!

which does not depend ona. This is not an unexpected re
sult, since the metric on the minimal instanton moduli spa
coincides with the Eguchi-Hanson metric@22#.

The evaluation of the Green’s function^1& in the semiclas-
sical approximation yields, after integrating over nonze
mode fluctuations,

^1&5e2 ~8p2/2g2!m2E
a

`

dtE
SU~2!/Z2

d3S

3
64p4t3

~A2p!4 S 1

&pt
D 4

det M*

3expF2
2p2t2uvu2

g2 S 12
a4

t4 cos2u D G , ~4.2!

where d3S5 1
8 sinududwdc, M* 5sbMb* and detM*

comes from integrating exp(2SY). Furthermore,
8-4
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m421/2(212)e2 (8p2/2g2)5L2, where L is the N52 SYM
renormalization group invariant scale with gauge gro
SU~2!. The scalem comes from the Pauli-Villars regulariza
tion of the determinants, and the exponent isb1c2(E)5nB
2nF/2, wherenB ,nF are the number of bosonic and ferm
onic zero modes andb1 is the first coefficient of theb func-
tion of the theory. Finally, the factor exp(28p2/2g2) comes
from the instanton action. Writing the determinant explici
we obtain

^1&52
4p4~v* !2L2

g4 I ~a!, ~4.3!

where

I ~a!5E
a

` dt

t E
21

1

dye2 ~2p2uvu2t2/g2! @12y2 ~a4/t4!#

3F ~12y2!~ t42a4!1y2S a41t4

t2 D 2G , ~4.4!

andy5cosu. In the limit a→0 in which the Eguchi-Hanson
manifold approaches the orbifoldR4/Z2 , the integral be-
comes

I ~a→0!5
g4

4p4uvu4
, ~4.5!

so that

^1&a→052
L2

v2 . ~4.6!

In the general caseaÞ0, after some algebraic manipulation
one gets

I ~a!5 (
n50

`
a4x2n22

n! ~2n11!
G~22n,x!

1 (
n50

`
4na4x2n

n! ~2n11!~2n13!
G~2n,x!

1 (
n50

`
a4x2n12

n! ~2n13!
G~222n,x!, ~4.7!

wherex52p2a2uvu2/g2, andG(n,x) is Euler’s incomplete
gamma function. In the limita→0 we recover Eq.~4.5!.

As one could expect, the correlator explicitly depends
the Eguchi-Hanson parametera. Indeed, the dependence o
L is completely fixed by zero modes counting to
LnB2(1/2)nF ~in the present casenB5nF54!. In the casev
Þ0, however, one can form the adimensional quantityauvu.
Therefore, Ward-Takahashi identities and dimensio
analysis do not completely fix the correlator dependence
v anda. On the other hand, whenv50, the same argumen
dictates the independence of the correlators on the inv
mass scalea.
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We now extend our analysis to the Green’s functi
^Tr f2&. The quantum fluctuations of the complex sca
field are replaced, after functional integration, byf inh ,
where

f inh
a 5&«bdc@~D2!21#ab~l~0!

d c~0!
c !. ~4.8!

So, in this case we need one more ingredient, that is
solution of the equations of motion for the scalar field in t
gaugino zero-modes background

~D2f inh!
a5&«a

bc~l~0!
b c~0!

c !. ~4.9!

The solution of Eq.~4.9! is given by

f inh
b 522i&hb~h [l]s

bh [c] ![mb~h [l]s
bh [c] !,

~4.10!

where the indexb is not summed over and the functionshb

are

h15h252
A~ t42a4!~r 42a4!

4~r 21t2!2 ,
~4.11!

h352
~a41t4!r 212a4t2

4t2~r 21t2!2 .

Let us now start our calculation. Unlike the casev50 there
is more than one contribution from the insertion of the o
erator Trf2 in the functional integral. In fact, all the remain
ing superconformal gaugino zero modes are lifted, so t
also the partition function gets a contribution from the i
stanton background. If we separate the classical and
quantum contribution fromfb we obtain that the integration
over the fermionic collective coordinates becomes

E d2h [l]d
2h [c]e

2SY~fcl
b 1f inh

b !~fcl
b 1f inh

b !

5~det M* !~fcl
bfcl

b !12mbmb24~fcl
bmbMb* !, ~4.12!

wheremb is defined in Eq.~4.10!. Due to the extreme com
plexity of the integrals, we limited ourselves to study t
a→0 limit, in which Eq. ~4.12! becomes

Î ~r ,t !5E d2h [l]d
2h [c]

3e2SY~fcl
b 1f inh

b !~fcl
b 1f inh

b !

52
r 4

~r 21t2!2 S 2p4uvu4

g4 1
4p2uvu2

g2~r 21t2!

1
3

~r 21t2!2D . ~4.13!

The correlator has thus the form
8-5
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^Tr f2&a→05
1

2
L2E

0

`

dtE
SU~2!/Z2

d3S
64p4t3

~A2p!4

1

~&pt !4

3e2 2p2t2uvu2/g2
Î ~r ,t !5

L2

2
, ~4.14!

and is position independent, as required by supersymm
Dimensional analysis and zero-mode counting comple
constrains the correlator in Eq.~4.14! to be independent o
the mass scalev.

V. DISCUSSION

In this paper we have computed some correlators i
SU~2!, N52 SYM on ALE backgrounds. The choice of
nonzero vacuum expectation value for the scalar field in
duces a new scalev. On dimensional grounds, whenv50,
instanton-dominated correlators obviously do not depend
a @17#. However, the study of instanton effects in the lo
energy theory requires settingvÞ0 from the beginning. The
Green’s functions we have studied show an explicit dep
dence on the adimensional quantityauvu. Generally speak-
a

.

-

02500
ry.
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ing, we expect all correlators to depend on this quantity. T
means that an extension of our calculations to supergrav
wherea becomes itself a collective coordinate to integra
over, is not straightforward. Indeed, we cannot appeal to
explicit factorization between the gauge and the gravitatio
sectors and thus exploit the results found in@14#. We want to
remark that, as in flat space, the same correlation func
has different values when calculated in different phases
the theory~that is, in the presence or in the absence o
vacuum expectation value for the scalar field!. This point
deserves further investigations.

In @27#, microscopic Green’s functions were directly r
lated to theN52 Abelian holomorphic prepotential~in the
flat space case!. It would be interesting to check~e.g. with
instanton techniques! if this approach can be extended to o
context. We also plan to extend our analysis toN54 SYM
theories and to the casec251 in a future publication.
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