PHYSICAL REVIEW D, VOLUME 58, 025008

Instanton calculus and SUSY gauge theories on asymptotically locally Euclidean manifolds
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We study instanton effects along the Coulomb branch oN&® supersymmetric Yang-Mills theory with
gauge group S(2) on asymptoatically locally Euclidean spaces. We focus our attention on an Eguchi-Hanson
gravitational background and on gauge field configurations of the lowest Chern class.
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I. INTRODUCTION morphic prepotential, which encodes the low-energy dynam-
ics.

Globally supersymmetric Yang-Mill§SYM) theories on Among all possible four manifolds a special class is rep-
four manifolds[1] provide a natural framework in which to resented by manifolds which have a self-dual Riemann ten-
study nonperturbative effects. The existence of nonrenormakor and which are known as asymptotically locally Euclidean
ization theorem$2,3] allows one to exactly compute physi- gravitational instantons, since they are solutions of Einstein’s
cal quantities such as superpotentialsNis-1 theories[4].  equations with vanishing gravitational action. These mani-
Moreover, inN=2 SYM theories, holomorphy requirements folds have played a key role in the study of Euclidean quan-
on the prepotentidl5] are the crucial ingredients needed to tum gravity (for a review, se€g12]). Indeed, similarly to
determine the quantum moduli space and the Wilsonian efgauge instantons, they induce calculable nonperturbative ef-
fective action[6]. fects which may cause a dynamical breaking of

Instantong 7,8] are among the most interesting nonpertur-supersymmetry. Among asymptotically locally Euclidean
bative field configurations. In particular, they proved to be a(ALE) gravitational instantons, the simplest and the most
fundamental tool for checking, from first principles and investigated one is the Eguchi-Hanson solufib8]. The for-
quantitatively, the exactness of the solutions proposed bynation of fermionic condensates in this background has been
Seiberg and Witten ilN=2 SYM theory and supersymmet- Studied both in a pure supergravit¥4,15 and in an effec-
ric QCD [9]. Furthermore, in some theories with matter in tive string theory conteXtL6]. In particular, in[14] the grav-
chiral representations, they are known to trigger dynamicaitino field-strength condensate was explicitly computed and
supersymmetrySUSY) breaking[10]. found to be finite and position independent, possibly respon-

It is possible to perform instanton calculations in differentsible for local supersymmetry breaking. Moreover, from a
phases of supersymmetric field theories. If the scalar fields détringy point of view, ALE manifolds represent absolute
the theory have a zero vacuum expectation value, instantoriginima of the gravitational part of the action which is ob-
are exact saddle points of the action functional around whiclkained as a low-energy limit of the heterotiand type-J
to perform semiclassical approximations. If the scalar fieldsstring. Our second motivation is that in this context one
have a nonzero vacuum expectation values, instantons ag@uld perform interesting string-inspired calculations, and
just approximate solutions of the equations of motion. On theéxplore a possible supersymmetry breakitige underlying
other hand, when the vacuum expectation values are muciring theory acting as a regulator for the nonrenormalizable
larger than the renormalization group invariant scale of thesupergravity theony” Gauge instantons af,=1/2 and 1 are
theory, it is possible to perform reliable instanton calcula-solutions of the string equations of motion to lowest order in
tions in a weak-coupling regimé‘constrained instanton” the o-model coupling constant’. The casec,=3/2, in-
method[8,11]). stead, corresponds to the identification of the gauge connec-

In the following we will focus our attention oMN=2 tion with the spin connectiohl6] (“standard embedding)’
SYM theories with gauge group $B). In this case, when
the complex scalar field has a nonzero vacuum expectation

value, the gauge group is spontaneously broken down t0igenerally, on curved manifolds SUSY is not globally realized.
U(1). One can then study the dynamics of the low-energyowever, as pointed out if], in N=2 SYM theories there exists
theory which is obtained after integrating out the high-5 conserved scalar supercharge which can be interpreted as the
frequency modes. The first motivation of our computationalgecchi-Rouet-Stora-Tyutin generator of the topological symmetry
approach consists in studying the nonperturbative dynamicss the twisted version of the theory. In particular, this ensures that
of N=2 effective theories on curved backgrounds via instancertain correlators of local operators are position independent.

ton calculus. To this end, the correct choice is to give non- A study of nonperturbative effects in global SYM theories in the
zero vacuum expectation values to the scalar fields. OnEguchi-Hanson background has been performed in the absence of
could thus infer the instanton corrections to the-2 holo-  vacuum expectation values for the scalar field§1if].
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and the solution is conjectured not to get perturbative correcmionic zero modes were derived and implicit formulas for
tions ina’. As a first step towards the casg=3/2 (which  the caseg,=1 and 3/2 were given.
presents formidable computational difficultiese start our The N=2 super Yang-Mills action is Sgypm
investigation by studying correlation functions in the topo- = fd*x\/gLsyy, where
logical sectorc,=1/2, which could provide us with a useful
roadmap for further progress along that direction.

The plan of the paper is as follows. In Sec. Il we briefly LSYMZQT Tr
reviewN=2 SYM theories on the Eguchi-Hanson manifold,

1 _
ZFF AaDNA+ (D $)1(D )

mainly to fix our conventions. In Sec. Ill we examine the 1 1
(gauge instanton configuration of Chern class=1/2, +§[¢,¢T]Z+ —[ " NalNge"B+H.c.| |,
around which we will expand the generating functional of V2

Green’s functions. On curved backgrounds, one must pay (2.2
particular attention to the treatment of the collective coordi-

nates which describe the instanton orientation in color space,B=1,2 are supersymmetry indices, ang= —e,=1.

We carefully discuss this issue and show how to correctly The condition for the vacuum state of the theory to be
perform the integration over the related moduli in order toN=2 supersymmetric is that the potentd{,4’) van-
restore all the unbroken symmetries of the model. In thidshes, that is

section we also collect the bosonic and fermionic zero-mode

norms, and compute the classical Higgs and Yukawa actions. [¢.¢']=0. 2.3

Section IV is devoted to thésemiclassical evaluation of

some instanton-dominated correlators of the microscopid NS means that the solution of E.3) is a normal opera-
theory. In the final section we draw some conclusions andef. Which can therefore be diagonalized by an(3ltolor

discuss some further issue under investigation. rotation Q. Then, the classical(supersymmetric vacuum
configuration for the Higgs field can be written as
Il. DESCRIPTION OF THE MODEL (6% =03 (v8), (2.4)

We intend to study instanton-dominated correlators in . _
N=2 globally supersymmetric theories in the Eguchi-"herévet anda,b=1,2,3. One can then expand Eg.4)

Hanson background. in the basis
The Eguchi-Hanson metric is given by 20—y 5% e
2
r
ds’=g,,dx*dx"= U) dri+ré(os+ o)) +u?o?, Whenv #0 the gauge symmetry is spontaneously broken to

U(1), and we are left with aN=2 SUSY Abelian low-

2. energy theory.

where oy, ,0, are the left-invariant forms on SB) and

u=r+1—(a/r)*. The metric(2.1) has a bolt singularity at lll. THE INSTANTON CONFIGURATION AND THE
r=a which can be removed by changing to the radial vari- CHOICE OF COLLECTIVE COORDINATES

ableu and by identifying antipodal points. Thus the bound-  The gauge instanton solution fos(&)=1/2 is given by

ary is S$°7,; moreover, the manifold is not invariant under acting with a global color rotatioR on the basic instanton
the action of the Poincargroup, but admits an isometry configuration[22]

group which is SU(23® U(1), . In particular, and this will

be crucial in the following, the manifold is not translationally

invariant since antipodal points are identified. A=Aﬂdx*‘=i(
In order to study nonperturbative contributions to Green'’s

functions we need to know the form of the gauge instantons.

On flat space, this can be achieved through the Atiyahwhereo.=o,*ioy, and

Drinfeld-Hitchin-Manin construction[19,20, which natu-

rally provides us with an algorithm which determines the t’r2+a* t*—a*

most general self-dual instanton connection. Its extension to f(r)= r2(re+t%)’ g9(r)= r2+t2 °

the case of ALE spaces was found by Kronheimer and Na-

kajima[21]. It was then translated in a more physical lan- The matrixR contains the collective coordinates related to

guage in[22,23, where the explicit expressions of the self- global color rotations. Wherm=0 this configuration be-

dual connection on the minimal instanton bundlgwith

second Chern class,(£) =1/2] and of the bosonic and fer-

f(r)o, g(r)o_
), (3.1
g(rye, —f(r)o,

(3.2

“We choose the generators in the fundamental representation to be
T2=73/2, 7 being the Pauli matrices.
30r, at least, a parametrization which describes the full moduli ®Actually neither perturbative nor nonperturbative quantum cor-
space of the instanton solutideee[18]). rections can lift the vacuum degenerd@y,25.
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comes the 't Hooft instanton in the so-called “singular and satisfies the usual background gauge condition
gauge,” centered around the origin. D#8pA,=0. The three zero modes related to global(3U

To compute instanton-dominated Green’s functions oneolor rotations are not transverse, but they can be made such
has to know the explicit form of the bosonic and fermionic by adding a local gauge transformatif®?]. The resulting
zero modes. In th&l=2 Eguchi-Hanson background there transverse zero modes are then
exist four gaugino zero modes which are related to the fact
that the instanton solution explicitly breaks the superconfor- 8aAL=(D,0,)". (3.1

mal symmetry. They can be written as i )
The four bosonic zero modes are now orthogonal and their

)\?x(AO)ZUZ&(DMQ)a;Aa' (3_3) norms are

- 2:4
where 2% are the two covariantly constant spinors on the | 50AlI2= %,
Eguchi-Hanson background amg (with a=1, 2, 3 are the t'—a
bounded solutions of the scalar Laplace equations

pree = | 3:AI2= | 5,A2= 8712 (312
[D2(A)].°6,=0. (3.4
, 8m*(t*-a%

These equations can be recasith a radial ansafzin the | 83A(°= -

form
Here a subtle point arises: collective coordinates are associ-

2 2
[i i(ruz) 1_4(9_+ f_ }0 -0 ated to unbroken symmetries of the theory. Namely, the re-
3 2 2 1,27 Y . . .
reor ar r< u lated transformations leave the chosen vacuum configuration
19 , 0 8¢ (A)=0, ($%)=0%(vs") (3.13
r—35(ru ) E__I’z 6320. (35)

unchanged. When the gauge symmetry is spontaneously bro-
ken, we may expect that the corresponding collective coor-
dinates should not be taken into account. This question has
been carefully studied if26]. It was pointed out there that
Jri—at t2r24 g4 we can act on the family of vacuum configuratidi2s5) in
0,= QZZW’ 03=W. (3.6)  two different ways. Rotations acting from the left obviously
correspond to S(2) global color transformations. Rotations
acting from the right are however also possilileey are
called “flavor” rotations in[26]). The crucial observation is
that the basi$2.5) is left invariant when the two rotations are
realized by the same matrRR. In other words,

The solutions to Eq.(3.5 with boundary conditions
lim,_,..0,(r)=1 are given by

The most general form of the gaugino zero modes can b
rewritten in terms of two constant spinov@ as the global
color rotationR acting on the configuratio(8.3), that is

[Az(AO)]R: Rab(fbogﬁng)’ 3.7) Rad¢g(0)( RT)Cb: ¢8(b) ) (3.19

where This SU?2) flavor symmetry exists only in the space of clas-

2(t%r2+a%) sical solutions for the Higgs field, but not at the Lagrangian

fl= zthzz, level. In particular it acts trivially on the gauge sector and it
r(r ) does not affect the structure of the gauge zero modes. In flat
N OIS space the previous observations have no effect; in our case,

£3= s (3.8 however, we are led tp consider the so!u_tlon o_f the scalar

r(re+to) Laplace equatiori3.4) with boundary conditions dictated by

Eqg. (2.4). A basis of three independent solutions is given b
The norm of the gaugino zero modes is a.(24) p g Y

¢*P(x)= 3 07 (x) = v[ 6" 6%+ (6%~ 61) 5353

(3.1

The four zero modes of the gauge field are related to th@he point is that, in order to ensure a correct vacuum align-

global symmetries broken by the instanton background, i.ement, one is forced to act oy®® with the rotations men-
dilatations and S(2) rotations. The zero mode related to tioned above, that is

= [ a0 G0 (@ ng=vant. 39

dilatations is
¢* P =R RN P= " (3.1
JA it ( f3(rue, fY(r)ro_
SpA= — = ——— , If we choose the boundary condition
a ot =at \ i ryre,  —f3(r)uo,

(3.10 (¥ =06 (3.17
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for the Higgs field, the correct solution for finiteis® 2iv2 A
S Se=— o | a VGO o+ 3yow)
3(X) = pRV(x). (3.18

+ 03(f1)25p3W} P ra1)s 3.2
The nontriviality of Eq.(3.18 resides in the different expres- 3(F1)"003W5 1(7p " 710) 323
sions of the#* which are a consequence of the isometryywhere npa = 71 and 5= 77, and we have defined
group of the Eguchi-Hanson manifold. On the other hand, in

flat space one hag,,=x?/(x*+ p?), a=1,2,3(in the singu- wy=v sin @ sin ¢,
lar gauge and the corresponding expressi@118 for ¢3 _
does not contain the matriR anymore. Expressiof3.18 Wy=v sin 6 cos, (3.29

could also be obtained in a more direct waghe scalar field
configurationgZ(x) can actually be found by simply requir-
ing that it satisfies the scalar Laplace equation in the bac
ground of the most generdi.e. gauge-rotatedinstanton

W3=v COS 6.

kAfter a straightforward integration we finally obtain

configuration,RA, that is s, g o _i‘/iwz( -
= Mo M= " g2 \TNT My
[D*(RA)]"$3=0, (319 g
4. 14
. o . . a“+t
with the boundary condition3.17. Since Eg.(3.19 is X[ (8paWE + Sp,Wi )t —a+ 5b3W§t—2 i
equivalent to
3.2
[D2(A)],2(R")°=0, (3.20 S
we can immediately convince ourselves that E3j18 sat- IV. COMPUTATION OF INSTANTON-DOMINATED
isfies Egs(3.19 and(3.17). The matrixR can be written in GREEN'S FUNCTIONS

terms of three Euler anglebse, . As explained before, these
angles are in fact the global color collective coordinates reg
lated to SY2)/Z,. This is the way these instanton moduli
come into play in this context.

With these elements we can now calculate the contribu
tion of the Higgs field configuration to the classical action

Let us now compute the simplest nonzero correlator in the
guchi-Hanson background. Since the base manifold is not
translationally invariant, there are no supersymmetric
gaugino zero modes, unlike the case of flat space. Moreover,
as there is a nonzero vacuum expectation value for the scalar
'field, the superconformal gaugino zero modes are lifted. The

which reads integration over the fermionic collective coordinates is thus
1 entirely saturated by the Yukawa action, and the simplest
Sy=— f d4X\/§[(D“¢I|)a(DM¢c|)a] nonzero correlator igl), i.e. the partition function itself. The
9 integration over the bosonic zero modes is then replaced by
2m22Jv|? a’ an integration over the moduli of the instanton. The corre-
= T 1- @ 00520) . (3.21 sponding Jacobian {47]
443
Note in Eqg.(3.21) the explicit dependence on the gauge ori- = H 1&iAl — 64nt 4.1
entations. i=o 27 (V2m)*

Let us now calculate the Yukawa acti® written with
the complete expansion of the fermionic fields replaced byvhich does not depend am This is not an unexpected re-
their projection over the zero-mode subspace. According téult, since the metric on the minimal instanton moduli space
the index theorem for the Dirac operator in the backgroundoincides with the Eguchi-Hanson metf2].
of a self-dual gauge field configuration, we have only zero The evaluation of the Green’s functigt} in the semiclas-
modes of one chirality, s&, reduces to sical approximation yields, after integrating over nonzero
mode fluctuations,

_ V2
TNO) N =OT= — 4 tyasy b, C .
Svl[é,¢" N7 N=0] 7 fd XVO&apd de) (N (0)¥(0)) (e (8772/292)M2f dtf &5
a  Jsu2iz,

(3.22
where, for the sake of clarity, we adopted different symbols 64mt3 1\ detM*
i = = i X—— — et
for the two gauginosh =\, and#=\,. Inserting Eqs(3.7) (V2m |\ vamt

and(3.18 in Eq. (3.22, we get

27%%v|? at
Xex _T 1—t—400§'0 , (4.2
SDifferent choices of the matrif) in Eq. (3.13 give physically )
equivalent theories; so we s@t=1. where d®3 =1 sinddédedy, M*=¢"MP* and detM*
"We thank Gian Carlo Rossi for discussions on this point. comes from integrating exp(S,). Furthermore,
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uh12@+2)g= (87209 = A2 \where A is the N=2 SYM We now extend our analysis to the Green’s function

renormalization group invariant scale with gauge group{Tr ¢?). The quantum fluctuations of the complex scalar

SU(2). The scaleu comes from the Pauli-Villars regulariza- field are replaced, after functional integration, k.

tion of the determinants, and the exponenbis,(§)=ng  Where

—ng/2, whereng ,ng are the number of bosonic and fermi-

onic zero modes anl, is the first coefficient of thes func- $2n=v2e>I7(D?) 112\, o)) (4.8

tion of the theory. Finally, the factor exp@8m2/2g°) comes

from the instanton action. Writing the determinant explicitly So, in this case we need one more ingredient, that is the

we obtain solution of the equations of motion for the scalar field in the
gaugino zero-modes background

1y=- 2T 43
=——7FI(a), .
g (D?hinn)*=v2 (Ao o)) - 4.9
where The solution of Eq(4.9) is given by
l(a):fm = fl dye (@7 lul%%/g®) [1-y* @a%)] binn= — 21V2h°( 70310 79) =m°( 703y ),
a U Ja (4.10
4., :4\2
% (1—y2)(t4—a4)+y2(a ;t ) } (4.4 where the index is not summed over and the functioh®
are
andy=cosé. In the limita— 0 in which the Eguchi-Hanson (t*—a%(ri—a%
manifold approaches the orbifold*/Z,, the integral be- hl=h?=— TGET L
comes (4.1
g4 o (a*+tYr2+2a*?
I(a—0)= Ao (4.9 = M2(r2+12)2
so that Let us now start our calculation. Unlike the case 0 there

is more than one contribution from the insertion of the op-
erator Tr¢? in the functional integral. In fact, all the remain-
(Da—o=— e (4.6 ing superconformal gaugino zero modes are lifted, so that
also the partition function gets a contribution from the in-
In the general casa# 0, after some algebraic manipulations, Stanton background. If we separate the classical and the
one gets quantum contribution frong® we obtain that the integration
over the fermionic collective coordinates becomes

2

* a4X2n72

I(a)= —— I'(2—n,X)
”ZO ni(2n+1) J A2 a2 08" S ( D+ b (DRt diny)
«© 4,,2n
+ e I(-nx) = (detM*)($55) +2mPmP—4(p5mPMP*), (412
i=o n!(2n+1)(2n+3)
= ghyan+2 wherem® is defined in Eq(4.10. Due to the extreme com-
+ ———T'(-2-n,x), (4.7y  Plexity of the integrals, we limited ourselves to study the
-0 n!(2n+3) a—0 limit, in which Eq.(4.12 becomes
wherex=272a?|v|?/g?, andI'(n,x) is Euler's incomplete R
gamma function. In the limia—0 we recover Eq(4.5). |(f.t)=f CRINCET
As one could expect, the correlator explicitly depends on
the Eguchi-Hanson parameter Indeed, the dependence on Xe Yo+ pP) (P2+ 2
A is completely fixed by zero modes counting to be 4 14 o 12
A"~ (2 (in the present caseg=ng=4). In the casev ___ ' 2mv| n 4’|
#0, however, one can form the adimensional quarsty|. (re+t9)2\ g* g%(r’+t%)
Therefore, Ward-Takahashi identities and dimensional
analysis do not completely fix the correlator dependence on + 3 _ 4.13
v anda. On the other hand, whan=0, the same argument (r*+t%)?
dictates the independence of the correlators on the inverse
mass scala. The correlator has thus the form
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64mt3 1
(v2m)* (v2mt)*

2:2| 121427 A2
x g~ 2mtvllg i(r=—, (4.14

1 ©
(Tr ¢2>EH0=§AZJ dtJ’ a3z
0 sU(2)/z,

and is position independent, as required by supersymmetr
Dimensional analysis and zero-mode counting completel

constrains the correlator in E4.14) to be independent of
the mass scale.

V. DISCUSSION

PHYSICAL REVIEW D 58 025008

ing, we expect all correlators to depend on this quantity. This
means that an extension of our calculations to supergravity,
wherea becomes itself a collective coordinate to integrate
over, is not straightforward. Indeed, we cannot appeal to an
explicit factorization between the gauge and the gravitational
sectors and thus exploit the results foundlid]. We want to

remark that, as in flat space, the same correlation function

Yias different values when calculated in different phases of
¥he theory(that is, in the presence or in the absence of a

vacuum expectation value for the scalar fjel@his point
deserves further investigations.

In [27], microscopic Green's functions were directly re-
lated to theN=2 Abelian holomorphic prepotentidin the

In this paper we have computed some correlators in dlat space caselt would be interesting to checle.g. with
SU(2), N=2 SYM on ALE backgrounds. The choice of a instanton techniquesf this approach can be extended to our
nonzero vacuum expectation value for the scalar field introcontext. We also plan to extend our analysis\te 4 SYM

duces a new scale. On dimensional grounds, when=0,

theories and to the casg=1 in a future publication.

instanton-dominated correlators obviously do not depend on

a [17]. However, the study of instanton effects in the low-

energy theory requires settings 0 from the beginning. The
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